We prove a strong form of finite rigidity for pants graphs of spheres. Specifically, for any n ≥ 5 we construct a finite subgraph X n of the pants graph P(S 0,n ) of the n-punctures sphere S 0,n with the following property. Any simplicial embedding of X n into any pants graph P(S 0,m ) of a punctured sphere is induced by an embedding S 0,n → S 0,m .
Introduction
Let S = S g,n be an orientable surface of genus g with n punctures. The pants graph P(S) of S has vertices corresponding to pants decompositions of S and edges corresponding to elementary moves (see Section 2 for details).
Margalit [10] proved that, for most surfaces S, Aut(P(S)) ∼ = Mod ± (S), where Mod ± (S) = π 0 (Homeo(S)) is the extended mapping class group. This result was extended by Aramayona [1] who proved that, for any two surfaces S and S such that the complexity of S is at least 2, every injective simplicial map φ : P(S) → P(S ) is induced by a π 1 -injective embedding f : S → S . For related results on curves complexes see [7, 8, 9, 6, 4, 12, 2] . P(S) is an infinite and locally infinite graph. In this paper, we refine Aramayona's result (for punctured spheres) and prove the following. Theorem 1.1. For n ≥ 5, there exists a finite subgraph X n ⊂ P(S 0,n ) such that for any punctured sphere S 0,m and any injective simplicial map φ : X n → P(S 0,m ), there exists a π 1 -injective embedding f : S 0,n → S 0,m unique up to isotopy that induces φ.
We say that f induces φ if there is a deficiency-(n − 3) multicurve Q on S 0,m with the following property (see Section 2 for definitions). The image f (S 0,n ) is the unique non-pants component (S 0,m − Q) 0 ⊂ S 0,m − Q and the simplicial map f Q : P(S 0,n ) → P(S 0,m ), defined by f Q (u) = f (u) ∪ Q satisfies f Q (u) = φ(u) for any vertex u ∈ X. This result is analogous to Aramayona-Leininger [2] for the case of the curve complex when n = m (that theorem applies to arbitary surfaces).
Outline of the paper. Section 2 contains the relevant background and definitions. In Section 3, we describe the finite subgraph X n and prove some important properties of the subgraph. We prove the theorem for the case of n = 5 in Section 4 and for general case in Section 5. Section 6 contains final remarks.
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Background and definitions
Here we describe some of the background material. See [1] and [10] for more details. Let S = S g,n be an orientable surface of genus g with n punctures. A simple closed curve on S is essential if it does not bound a disk or a once-punctured disk on S. In this paper, a curve is a homotopy class of essential simple closed curves on S.
Let γ and γ be curves on S. The geometric intersection number of γ and γ is defined as the minimum number of transverse intersection points among the simple representatives of γ and γ .
The intersection of any two curves mentioned in this paper refers to their geometric intersection number. Whenever we represent homotopy classes γ and γ by simple closed curves, we assume these intersect in i(γ, γ ) number of points and we will not distinguish a homotopy class from its representatives. Two curves γ and γ are disjoint if i(γ, γ ) = 0. Let A be a set of curves on S. We say that α∈A α fills S if the complement is a disjoint union of disks or once-punture disks.
We call a surface which is homeomorphic to S 0,3 , a pair of pants. Let A be a set of pairwise disjoint curves on S. The nontrivial component(s) of the complement of the curves in A denoted (S − A) 0 is the union of the non-pants components of the complement.
A multicurve Q is a set of pairwise disjoint curves on S. Let Q 1 and Q 2 be multicurves. The intersection number of Q 1 and Q 2 is defined to be i(Q 1 , Q 2 ) = i(α 1 , α 2 ), where α 1 and α 2 are curves in Q 1 and Q 2 , respectively. Observe that Q 1 ∪ Q 2 is a multicurve if and only if i(Q 1 , Q 2 ) = 0.
A pants decomposition P is a muticurve whose complement in S is a disjoint union of pairs of pants. Equivalently, a pants decomposition is a maximal set of pairwise disjoint curve on S, that is, a maximal multicurve. A pants decompositions always contains 3g + n − 3 curves and we call this number the complexity κ(S) of S. The deficiency of a multicurve Q is the number κ(S) − |Q|. If Q is a deficiency-1 multicurve then (S − Q) 0 is homeomorphic to either S 0,4 or S 1,1 .
Let P and P be pants decompositions of S. P and P differ by an elementary move if there are curves α, α on S and a deficiency-1 multicurve Figure 1 for examples of elementary moves. The pants graph P(S g,n ) of S g,n is a graph with the set of vertices V P(Sg,n) = {P | P is a pants decomposition of S g,n }, and the set of edges E P(Sg,n) = {{P, P } ∈ V P(Sg,n) × V P(Sg,n) | P, P differ by elementary move}.
The pants graph P(S g,n ) is connected, see [5] , which we view as a geodesic metric space by requiring each edge to have length 1.
Given a multicurve Q, we let P Q (S g,n ) be the subgraph of P(S g,n ) induced by the vertex set
that is, the largest subgraph with V P Q (Sg,n) as its vertex set. When the deficiency of Q is positive, it is easy to see that P Q (S g,n ) ∼ = P((S g,n − Q) 0 ). Let Q 1 and Q 2 be multicurves. We observe that P Q 1 (S g,n ) ∩ P Q 2 (S g,n ) = ∅ if and only if Q 1 ∪ Q 2 is a multicurve if and only if i(Q 1 , Q 2 ) = 0, and in this case,
A Farey graph F is a graph isomorphic to the standard Farey graph which has vertices
and edges
See Figure 2 for a picture of a part of the Farey graph.
The following Lemma combines the results from ( [11] , Section 3), and ( [10] ,Lemma 2). Lemma 2.1. Let F be a subgraph of P(S g,n ). Then F is isomorphic to a Farey graph if and only if there is a deficiency-1 multicurve Q such that
Note that as a consequence of Lemma 2.1, each edge e of P(S g,n ) is contained in a unique Farey graph P Q (S g,n ) where Q = P ∩ P is the deficiency-1 multicurve given by the intersection of its endpoints P and P .
We also see from the Lemma that P(S 0,4 ) and P(S 1,1 ) are isomorphic to a Farey graph. Let α and β be two curves on S 0,4 such that i(α, β) = 2. Then, as pants decompositions, α and β differ by an elementary move, i.e., they are two adjacent vertices in P(S 0,4 ) ∼ = F. Up to a homeomorphism on S 0,4 , α and β are the curves on S 0,4 shown in Figure 2 . Let T 
By a path in P(S g,n ), we always mean an edge path determined by a sequence of distinct adjacent vertices v 1 , ..., v m of P(S g,n ). A cycle in P(S g,n ) is a subgraph homeomorphic to a circle. A cycle is called a triangle, rectangle, pentagon if it has 3, 4 or 5 vertices, respectively.
A cycle v 1 , ..., v m = v 1 is called an alternating cycle if any two consecutive edges are in different Farey graphs. See Figure 3 for an example of an alternating pentagon in P(S 0,5 ). The following is proved in [10, Lemma 8] .
Lemma 2.2. Let X ⊂ P(S 0,5 ) be the pentagon shown in Figure 3 and let φ : X → P(S 0,m ) be an injective simplicial map. If φ(X) is an alternating pentagon, then there exists a deficiency-2 multicurve Q and a homeomorphism f : 
The construction of X n
In this section, we construct the finite subgraph X n , for n ≥ 5. To begin, consider S 0,n as the double of a regular n-gon with vertices removed. Connect every non-adjacent pair of sides by a straight line segment and then double. The result is S 0,n with a set of simple closed curves Γ n . See Figure 4 for the case of S 0,8 and Figure 5 for the case of S 0,5 . Label the sides of the n-gon cyclically as 1, ..., n. In all that follows, we assume that any reference to these labels is taken modulo n (thus, if i is a label, so is i + 1 and i − 1). Given labels i and j, write α i,j for the curve in Γ n obtained from the arc connecting the i th side to the j th side. For each i, we call α i,i+2 a chain curve of S 0,n . Compare [2, Section 3] .
Let W ⊂ Γ n be a deficiency-m multicurve such that there is a nontrivial component (S 0,n − W ) 0 of (S 0,n − W ) homeomorphic to a sphere with m + 3 punctures. Let Γ W m+3 be the subset of Γ n whose every element is disjoint from every element of W . Lemma 3.1. Let W ⊂ Γ n be a deficiency-m multicurve such that there is a nontrivial component (S 0,n − W ) 0 of (S 0,n − W ) homeomorphic to a sphere with m + 3 punctures.
Then there is a homeomorphism of pairs
Proof. Consider S 0,n as the double of a regular n-gon as described above. Then the curves in W are obtained from doubling pairwise disjoint arcs in the regular n-gon. There is a component ∆ of the complement of those arcs that is doubled to produce (S 0,n − W ) 0 . Collapsing those arcs to points, ∆ becomes an (m + 3)-gon. Doubling, this defines a homeomorphism h : Let V n be the set of vertices of P(S 0,n ) that correspond to pants decompositions consisting of curves from Γ n .
Let Z n be a subgraph of P(S 0,n ) induced by V n , that is, Z n is the largest subgraph with V n as its vertex set. Lemma 3.2. For n ≥ 5, the subgraph Z n is finite and connected.
Proof. The finiteness is obvious since the number of vertices is finite. We prove the connectedness by induction on n, the number of punctures. The base case when n = 5 is true since Z 5 is a pentagon.
For each i = 1, ..., n, let v i be a vertex in Z n corresponding to the pants decomposition {α i,x ∈ Γ n |x = i − 1, i, i + 1}. It is not hard to see that two β (Z 5 ) and (bottom)the thick pentagon Z 5 .
vertices v i and v i+1 are connected in Z n by a path of length n − 3. Hence any two vertices v i and v j are connected in Z n . Given any vertex v in Z n , we will show that v is connected to one of the v i 's. Note that as a pants decomposition, v must contain a chain curve. Choose a chain curve α = α s,s+2 in v. The nontrivial component of S 0,n − α is homeomorphic to S 0,n−1 . By Lemma 3.1, Z n ∩ P α (S 0,n ) ∼ = Z n−1 . By the induction hypothesis, the vertex v is connected to v s = {α s,x ∈ Γ n } by a path in Z n ∩ P α (S 0,n ). Therefore we conclude that Z n is connected.
where
c is a simplicial map on P(S 0,5 ) induced by the half-twist around the chain curve c; see figure 5 .
We see that X 5 is a finite subgraph consisting of 11 alternating pentagonsone is Z 5 and the others 10 are the images of Z 5 under the twists. Each image of Z 5 shares an edge with Z 5 , thus has two edges adjacent to Z 5 (in particular, X 5 is connected). These two edges from each of the 10 image pentagons form 10 triangles; each triangle has one of its edges in Z 5 . In particular, each edge of Z 5 has two triangles attached to it. We call Z 5 the core pentagon of X 5 and call Z 5 together with these 10 triangles the thick pentagon Z 5 of X 5 . See Figure 5 . We also call any subgraph which is isomorphic to Z 5 a thick pentagon.
is an alternating pentagon then there exists a unique thick pentagon Z containing Z and a unique subgraph X ∼ = X 5 containing Z.
Proof. Each edge of Z is contained in a unique Farey graph determined by the deficiency-1 multicurve corresponding to the intersection of its endpoints, (see [10, Lemma 2] or [1, Lemma 8] ). Then the existence and uniqueness of Z come from the fact that, in a Farey graph, each edge has exactly two triangles attached to it. For example, in Figure 5 , the edge AE = {α, β} {α, γ} has two triangles attaching to it and the remaining two vertices of the triangles are T 1 2
It remains to prove the existence and uniqueness of X. Since Z is an alternating pentagon, there exists a deficiency-2 multicurve Q such that S 0,m − Q has exactly one nontrivial component (S 0,m − Q) 0 homeomorphic to S 0,5 and Lemma 8] . Therefore we can write Z = {A = {α, β} ∪ Q, B = {δ, β} ∪ Q, ..., E = {α, γ} ∪ Q}; see figure 6 . Write Γ = {α, β, δ, , γ}. The subgraph
contains Z and X ∼ = X 5 .
Next, let X ⊂ P(S 0,m ) be a subgraph such that Z ⊂ X and X ∼ = X 5 . We will show that X = X . Since Z is the unique thick pentagon containing Z and X ∼ = X 5 , it follows that Z ⊂ X . Let Y ⊂ X be a pentagon sharing only one of its edges with Z. Considering Figure 6 , we 
assume without loss of generality that the shared edge is AB and T c (Z) for some curve c ∈ Γ. We conclude that X = X . This completes the proof.
Let G be a subgraph of P(S 0,n ). We define the thick graph G for G to be the union of G with all triangles in P(S 0,n ) that share at least one of their edges with an edge in G. If e is an edge, we call the thick graphê for e the thick edge which is the union of two triangles whose the common edge is e.
For a vertex v ∈ Z n , let st(v) denote the closed star of v which is the union of all edges containing v. We define st Zn (v) = st(v) ∩ Z n , and let st Zn (v) be the thick graph for st Zn (v).
Lemma 3.4. Let v be a vertex of Z n . Then st Zn (v) consists of n − 3 edges. Moreover these n − 3 edges are contained in n − 3 distinct Farey graphs. Consequently, st Zn (v) consists of n − 3 thick edges and these thick edges are contained in different Farey graphs.
Proof. Consider v as a pants decomposition on S 0,n . Then v contains n − 3 simple closed curves. An edge which is adjacent to v corresponds to an elementary move. Forgetting a closed curve α in v gives a nontrivial component (S 0,n − (v − {α})) 0 of S 0,n homeomorphic to S 0,4 . This nontrivial component contains two intersecting curves in Γ n and one of these two curves is α. Hence there is only one elementary move which is able to change α to another curve in Γ n . Forgetting two different curves in v gives two different nontrivial components homeomorphic to S 0,4 . Therefore there are n−3 edges in Z n adjacent to v and these edges are contained in n − 3 different Farey graphs. The Lemma follows.
Recall the description of S 0,5 as the double of a pentagon with vertices removed. Let e : S 0,5 → S 0,5 be the involution exchanging the two pentagons. We observe that the involution e induces a simplicial map on P(S 0,5 ) whose the restriction to Z 5 is the identity and which restricts to a symmetry of X 5 .
Lemma 3.5. Let G = Sym(X 5 , Z 5 ) be the subgroup of the symmetry group Sym(X 5 ) of X 5 consisting of all elements that fix Z 5 pointwise. Then G ∼ = Z/2Z generated by e.
Proof. Recall the thick pentagon Z 5 in Figure 5 . There are 10 vertices of the triangles outside Z 5 and we number them as in Figure 7 . Let V be the set of these 10 vertices. Each vertex in V is paired by two pentagons in X 5 to two vertices in V , for example, {1, 6} is a pair because 1 and 6 are in the same image pentagon shown in Figure 7 . This forms 10 pairs of vertices, namely, {1, 6} , {2, 5} , {1, 8} , {2, 7} , {3, 8} , {4, 7} , {3, 10} , {4, 9} , {5, 10} , {6, 9}. Let S {x,y} be the symmetric group on two letters x and y. Note that S {x,y} ∼ = Z/2Z generated by σ {x,y} which interchanges x and y.
Let Figure 7 . Thus g(5) = 6. By similar argument and the above observation of how vertices in V are paired to each others, we see that η(g) = (σ {1,2} , σ {3,4} , σ {5,6} , σ {7,8} , σ {9,10} ). Hence η(G) ∼ = Z/2Z and so G ∼ = Z/2Z generated by e.
For n > 5, we construct X n as follows. Let W ⊂ Γ n be a deficiency-2 multicurve such that the nontrivial component (S 0,n − W ) 0 of S 0,n − W is homeomorphic to S 0,5 . By Lemma 3.1, we have a homeomorphism of pairs
where h W : P (S 0,5 ) → P (S 0,n ) is the induced map of h as defined in Section 1 by h
where the union is taken over all deficiency-2 multicurves in Γ n with a 5-puncture sphere component.
Lemma 3.6. For n ≥ 6, X n has following properties.
1. X n ⊂ P(S 0,n ) is connected.
For each chain curve
3. If n ≥ 7 and α i , α j are disjoint chain curves then X ij n−2 = X n ∩ P {α i ,α j } (S 0,n ) ∼ = X n−2 with isomorphism h {α i ,α j } .
Proof. 1. Since the core pentagon of each X W 5 is in Z n , X W 5 is connected to Z n in X n . By Lemma 3.2, Z n is connected. Hence X n is connected.
2. Fix a chain curve α i . By Lemma 3.1, there is a homeomorphism of pairs h : (S 0,n−1 , Γ n−1 ) → ((S 0,n − α i ) 0 , Γ α i n−1 ) and h induces an isomorphism from Z n−1 to Z n ∩ P α i (S 0,n ). Moreover, for every deficiency-2 multicurve 5 . Therefore h induces a simplicial injection from X n−1 to X n ∩ P α i (S 0,n ). We need to show that this is surjective.
Let W be a deficiency-2 multicurve in Γ n with (
For the rest of the proof we assume that i(α i , W ) = 0.
If
Consider u as a pants decomposition. We claim that there is a deficiency-2 multicurve W such that α i ∈ W , u ∈ X W 5 ∩ P α i (S 0,n ), and so from the case that α i ∈ W , we see that u is in the image of h α i , as required. We prove the claim as follows. Since u ∈ X W 5 ∩ P α i (S 0,n ) and α i / ∈ W , u = W ∪ {α i } ∪ {x} for some simple closed curve x = y or T β (y), with y, β ∈ Γ W n . Since S 0,n has complexity at least 3 and α i is a chain curve, there exists a close curve γ ∈ W such that W = (W − {γ}) ∪ {α i } is a deficiency-2 multicurve with nontrivial component (S 0,n − W ) 0 ∼ = S 0,5 . Then u = W ∪ {γ} ∪ {x} ∈ X W 5 ∩ P α i (S 0,n ) as desired. 3. The statement is proved by applying 2 twice.
The proof for S 0,5
We prove the main theorem for n = 5. Proof. We show that φ maps the core pentagon Z 5 of the thick pentagon Z 5 in X 5 to an alternating pentagon in P(S 0,m ).
Let F be a Farey graph in P(S 0,m ). We claim that φ cannot map any three consecutive edges of Z 5 into F . To find a contradiction, we assume that φ maps three consecutive edges ABCD of Z 5 into F . Since φ is injective, φ maps all six triangles attaching to these edges to distinct triangles in F . Up to an automorphism of F , the image of the six triangles must be one of the two pictures in Figure 8 . This implies that the distance of φ(A) and φ(D) in F is greater than the distance of φ(A) and φ(D) in P(S 0,m ), that is,
This is a contradiction to the fact, proven in [3] , that F is isometrically embedded. Next we claim that φ cannot map any two adjacent edges of Z 5 into F . To find a contradiction, we assume that φ maps ABC into F . The injectivity of φ implies that the two edges φ(A)φ(B) and φ(B)φ(C) are separated by at least three triangles in F . Let W be the deficiency-1 multicurve defining F , so that φ(A) = W ∪{a}, φ(B) = W ∪{b}. Then φ(C) = W ∪ T 
By Lemma 2.2, there exists a deficiency-2 multicurve Q and a homeomorphism f :
Moreover, f is unique up to precomposing by e (and isotopy) since the pointwise stabilizer of Z 5 in Mod(S 0,5 ) is generated by e. So
In either case φ is induced by an embedding.
The general case
We now proceed to the proof of the main theorem in the general case.
Proof of Theorem 1.1. We prove the main theorem by induction on n.
Lemma 4.1 proves the base case when n = 5. Suppose the theorem is true for an n ≥ 5. Consider an injective simplicial map φ : X n+1 → P(S 0,m ). For each chain curve α i in S n+1 , i = 1, ..., n + 1, recall X i n = X n+1 ∩ P α i (S 0,n+1 ). By Lemma 3.6, X i n ∼ = X n and X i n ⊂ P α i (S 0,n+1 ) ∼ = P((S 0,n+1 − α i ) 0 ) ∼ = P(S 0,n ). Given a vertex u ∈ X i n , consider u as a pants decomposition of S 0,n+1 so that u α i = u − {α i } is a pants decomposition of (S 0,n+1 − α i ) 0 . Define an injective simplicial map
by φ i (u) = φ(u). By the induction hypothesis, there is an embedding f i : (S 0,n+1 − α i ) 0 → S 0,m unique up to isotopy such that f i induces φ i , i.e., f i has the following properties;
1. there is a deficiency-(n − 3) multicurve Q i in S 0,m such that S 0,m − Q i has only one nontrivial component
2. the simplicial map f
Under all the hypotheses above, we prove the following three lemmas.
Lemma 5.1. If α i and α j are disjoint chain curves then i(Q i , Q j ) = 0.
Proof. Since n + 1 ≥ 6, (S 0,n+1 − {α i , α j }) 0 ∼ = S 0,n−1 with n − 1 ≥ 4. Since {α i , α j } ⊂ Γ n+1 , Z n+1 ∩ P {α i ,α j } (S 0,n+1 ) = ∅ and contains an edge e. Since e is an edge in
φ(e) = φ i (e) ⊂ P Q i (S 0,m ) and φ(e) = φ j (e) ⊂ P Q j (S 0,m ). Thus
Lemma 5.2. If α i , α j , α k are pairwise disjoint chain curves and u ∈ Z n+1 ∩ P {α i ,α j ,α k } (S 0,n+1 ) is any vertex, then the n − 2 thick edges in st Z n+1 (u) from Lemma 3.4 are mapped into n − 2 distinct Farey graphs by φ.
Proof. Lemma 3.4 shows that the n−2 thick edges in st Z n+1 (u) are contained in distinct Farey graphs. Then st X n+1 (u) ∩ P α i (S 0,n+1 ) contains n − 3 thick edges and f
maps the n − 3 distinct Farey graphs containing these thick edges to distinct Farey graphs in P Q i (S 0,m ). The same is true if i is replaced by j or k.
Now for any two thick edgesê 1 andê 2 in st Z n+1 (u),ê 1 andê 2 are both contained in at least one of P α i (S 0,n+1 ), P α j (S 0,n+1 ) or P α k (S 0,n+1 ). Assume thatê 1 andê 2 are contained in
As in the previous proof, f
and f
Let e i be the thick edge in st X n+1 (u) ∩ P α i (S 0,n+1 ) but not in st X n+1 (u) ∩ P α j (S 0,n+1 ) and let e j be the thick edge in st X n+1 (u) ∩ P α j (S 0,n+1 ) but not in st X n+1 (u) ∩ P α i (S 0,n+1 ). Since Q i is a deficiency-(n − 3) multicurve, there are n − 3 Farey graphs in
j ( e j ) and the n−4 thick edges in st X n+1 (u)∩P α i (S 0,n+1 )∩ P α j (S 0,n+1 ) above all map into distinct Farey graphs by Lemma 5.2. Since this is n − 2 > n − 3, we obtain a contradiction.
With the hypothesis as in Lemma 5.3, we must have
Q has deficiency n − 2 and there is a connected complexity n − 2 component
The proofs are different for n + 1 = 6 and n + 1 ≥ 7. We first prove the theorem for S 0,n+1 = S 0,6 . We label the six chain curves by α i for i = 1, ..., 6 and the three non-chain curves in Γ 6 by β i for i = 1, 2, 3 as in Figure 10 ; also see the figure for the picture of Z 6 as a union of Z on the right, the two subgraphs share three edges as labelled; (lower) S 0,6 with curves in Γ 6 .
Note that, in this case, Q i is a deficiency-2 multicurve for all i = 1, ..., 6.
Let i = j ∈ {1, 3, 5} or i = j ∈ {2, 4, 6}. Define F i,j : S 0,6 → S 0,m by
We claim that f i and f j agree on (S 0,6 − {α i , α j }) 0 so F i,j is well-defined. We prove the claim in the case when (i, j) = (1, 5) . For other cases the proof is similar. X • f 1 is either the identity or one of the three hyperelliptic involutions on (S 0,6 − {α 1 , α 5 }) 0 ; we will show that the latter are not possible. Since α 1 , α 3 , α 5 are pairwise disjoint chain curves, Lemma 5.1 and Lemma 5.3 shows that, for any i = j ∈ {1, 3, 5}, i(Q i , Q j ) = 0 and Q i = Q j . Hence, for any i = j ∈ {1, 3, 5}, we have def(Q i ∪ Q j ) = 1 and the symmetric difference Q i Q j contains two simple closed curves. Let
which are three distinct simple closed curves on S 0,m . We note that q 3 is a closed curve on (S 0,m − (Q 1 ∪ Q 5 )) 0 ∼ = S 0,4 and q 3 cannot separate q 1 and q 5 since q 1 and q 5 are curves on (S 0,m − Q 3 ) 0 ∼ = S 0,5 ; see figure 11. 
Therefore f 1 (α 1 ) = q 1 and f
• f 1 is the identity on the boundary of (S 0,6 − {α 1 , α 5 }) 0 hence cannot be one of the hyperelliptic involutions. So f 1 and f 5 agree on (S 0,6 − {α 1 , α 5 }) 0 .
Observe that F 1,5 = F 1,3 = F 3,5 and F 2,4 = F 2,6 = F 4,6 . For instance, to see that F 1,5 = F 1,3 , we note that f 3 agrees with f 5 on (S 0,6 − {α 3 , α 5 }) 0 .
Define the common maps
We have that f odd induces the restriction map of φ on X 
and Q even = Q 2 ∩ Q 4 ∩ Q 6 . As observed after Lemma 5.3, Q odd and Q even are deficiency-3 multicurves and
Since f
Hence i(Q odd , Q even ) = 0. Moreover we have that f odd (β k ) = f even (β k ), for each non-chain curve β k , k = 1, 2, 3 since β k 's are interchanged in an elementary move that defines the edge e i,j . The union
Next, we show that f odd = f even . Recall that we are considering S 0,6 as the double of a hexagon with vertices removed. Let r and e be homeomorphisms on S 0,6 induced by rotating the hexagon by π and exchanging the hexagons, respectively. Since f
odd • f even is either the identity map, r, e, or r • e. We will show that only the first case is possible. The homeomorphism r induces a simplicial map on P (S 0,6 ) which exchanges the vertices {α 1 , α 3 , α 5 } and {α 2 , α 4 , α 6 }. If f −1 odd •f even = r then φ({α 1 , α 3 , α 5 }) = φ({α 2 , α 4 , α 6 }) which is a contradiction to the fact that φ is injective. Hence f −1 odd • f even = r. Since e and r • e reverse orientation on each β i , i = 1, 2, 3, they do not induce the identity map on the thick edgeê i,j , (i, j) ∈ {(1, 4), (3, 6) , (2, 5) }. So f odd • f even is the identity map on S 0,6 . We conclude that f odd = f even .
Let f = f odd = f even and Q = Q odd = Q even . We show that f : S 0,6 → S 0,m is the unique π 1 -injective embedding with φ = f Q . The proof follows the same idea as in the proof of f odd = f even . So we give a brief explanation here. Suppose h : S 0,6 → S 0,m is a π 1 -injective embedding that induces h W = φ for some deficiency-3 multicurve W on S 0,m . Since
• f preserves each non-chain curve on S 0,6 and induces the identity map on X 6 , h −1 • f is the identity map. Therefore f = h.
Next we prove the theorem for S 0,n+1 , n + 1 ≥ 7. We define an embedding of S 0,n+1 to S 0,m that induces φ. Let α i and α j be two disjoint chain curves on S 0,n+1 . Define a homeomorphism F ij : S 0,n+1 → S 0,m by
Note that, by Lemma 5.1 and 5.3, i(Q i , Q j ) = 0 and Q i = Q j . We show that f i agrees with f j on (S 0,n+1 − {α i , α j }) 0 ∼ = S 0,n−1 . Consider the restrictions of f i and f j as embeddings on (S 0,n+1
for any vertex v ∈ X ij n−1 . That is, both f i and f j induce the simplicial map φ ij : X ij n−1 → P(S 0,m ) defined by φ ij (v) = φ(v). Then the uniqueness statement in the induction hypothesis (which applies since n − 1 ≥ 5) implies that f i agrees with f j on (S 0,n+1 − {α i , α j }) 0 .
Lemma 5.4. For any four chain curves α i , α j , α k , and α l such that i(α i , α j ) = 0 = i(α k , α l ), we have F ij = F kl .
Proof. Consider a graph which has the set of vertices V = {{i, j}|α i , α j are disjoint chain curves on S 0,n+1 }, and the set of edges E = {{{i, j}, {i, k}}|i(α j , α k ) = 0}.
Fix any two vertices {i, j} and {k, l}. Since n + 1 ≥ 7, it is not hard to see that {i, j} and {k, l} are connected by a path of length at most 4. Hence this graph is connected.
The Lemma now follows by proving that F ij = F ik for i(α i , α j ) = 0 = i(α i , α k ). We show that for any pair (x, y), x = y ∈ {i, j, k}, f x agrees with f y on (S 0,n+1 −{α x , α y }) 0 . Since (S 0,n+1 −{α x , α y }) 0 has at least 5 punctures and f Finally, we show that for any i, j with i(α i , α j ) = 0, then Q = Q i ∩ Q j and f = F ij : S 0,n+1 → S 0,m is the unique π 1 -injective embedding that induces φ = f Q . To show that f induces φ, given a vertex v ∈ X n+1 . v ∈ X pk n−1 = X n+1 ∩ P {αp,α k } (S 0,n+1 ) for some disjoint chain curves α p , α k . Then Q = Q i ∩ Q j = Q p ∩ Q k and
The first equality comes from Lemma 5.4, the second equality comes from equation 1, and the third equality comes from the inductive hypothesis. Hence f induces φ. For uniqueness, assume that there is a π 1 -injective embedding h : S 0,n+1 → S 0,m that induces h W = φ for some deficiency-n − 2 multicurve W on S 0,m . Let h i and h j be restrictions of h on (S 0,n+1 − α i ) 0 and (S 0,n+1 − α j ) 0 , respectively. By assumption, h i induces the same simplicial map on X i n as f
Hence the uniqueness statement in the induction hypothesis implies that f i = h i and Q i = W i . Similarly, we have f j = h j and Q j = W j . Therefore f = h and Q = W as desired.
Final discussion
One of the main difficulties in proving Theorem 1.1 is to construct the finite subgraphs X n . To do this we can look for a candidate subgraph which, under additional hypothesis on the simplicial map, allows us to construct the embedding of the surface. For example, we have the condition on the simplicial map of Z 5 in Lemma 2.2. We then need to enlarge the candidate subgraph so that those extra conditions are encoded in the enlarged subgraph. But then another problem might arise which is that the induced map of the embedding that works on the original candidate subgraph might not control the added parts in the enlarged subgraph. For example, a simplicial embedding of the thick pentagon Z 5 ensures that the simplicial map restricted to Z 5 satisfies Lemma 2.2 and hence there is a candidate embedding of S 0,5 . But the induced map may not agree with the simplicial map on Z 5 − Z 5 . Then we have to enlarge the subgraph further which might cause more problem.
It seems likely that Theorem 1.1 should be true for essentially any surface S. However it is unclear how to choose a subgraph X ⊂ P (S).
